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A B S T R A C T

Growing number of controllable generation, load and storage in distribution networks, have created an
opportunity for ancillary services provision to the network operators to more effectively manage everyday
grid operation, flexibility provision being one such service. The system operator’s role is to exploit this
service effectively while ensuring no grid constraints will be violated. This is often precluded by the lack
of measurements deployed in a typical distribution grid. This paper develops a deterministic, optimization-
based approach to pre-detect the permissible range of nodal flexibility provision in a distribution network
with limited observability where only ranges of nodal power injections are known. Feasibility for the entire
permissible range of flexibility with respect to network voltage constraints is ensured by design. Furthermore,
we identify and describe a problem stemming from having multiple flexibility providers that influence each
others’ ability to provide the service. The method is extended to aggregating the flexibility where special
attention is given to establishing fairness among the service providers. We test the efficacy of the proposed
method on a modified IEEE 33 and three real world distribution networks.
1. Introduction

In order to limit the evermore increasing effects of climate change
a complete decarbonization of energy sector is needed. Variable re-
newable energy sources (VRES), characterized by uncertainty, will
likely play a key role in this process. This variability, as well as issues
arising from the electrification of other energy sectors could be partly
mitigated by flexibility provision — the technical ability to change grid
user’s power consumption or generation upon request [1]. As shown
recently in [2], flexibility will likely play a key role in mitigating the
undesirable effects of VRES on every day grid operations. In an effort
to increase the rate of adoption of VRES, market based frameworks for
flexibility provision, focused on the grid user, are being established.
This represents an operational paradigm shift for distribution system
operators (DSO), where additional opportunities for a more effective
grid operation occur simultaneously with an increase in its complexity.
The DSOs are expected to operate the grid in the most efficient manner
possible, while at the same time enabling high VRES penetration and
creating conditions for aggregators’ distribution and/or transmission
level market participation. However, as pointed out in recent European
DSO statistics report [3], most of DSOs lack measurement data that
would make their networks fully observable. This makes it difficult
to verify if the network constraints are being violated in real time,
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which forces the DSO to be overly cautious in both planning and day
to day grid operations resulting in grid overbuilding and sub-optimal
grid management strategies.

The objective of this paper is to establish a method to determine
the permissible range of flexibility that can be provided by a flexibility
provider (FP) at a specific node in a distribution network (DN) with
limited observability. We define a flexibility provider as a grid user
that is able and willing to change its power consumption/generation in
order to provide some form of service to system operators in order for
them to manage the system in a more efficient manner (i.e. alleviate
congestion, provide tertiary reserve, reduce voltage issues, etc.). The
proposed method aims to pre-detect FP’s operational regimes which
do not violate the voltage constraints of the DN regardless of the
realization of unknown power and substation voltage fluctuations.

A number of papers have already discussed this issue ([4–9]),
most of them implicitly through various implementations of TSO-DSO
coordination schemes, where a DN capability curve is formed which
can then be utilized by the transmission system operator (TSO). Most
of these approaches, however, assume full DN observability. Several
recent papers [10–12] do address the issue of limited observability, but
these methods either cannot ensure the feasibility of the entire range
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Nomenclature

Sets

𝑁 The set of nodes in the network
𝑁𝑠𝑙 The set of slack nodes
𝑁𝑔 The set of distributed generator nodes
𝑁𝑑 The set of nodes with loads
𝑁𝑓𝑙 The set of nodes with flexibility providers
𝐸 The set of from edges in the network
𝐸𝑅 The set of to edges in the network

Indices

𝑓𝑙 Node with flexibility provider connected
𝛥 Node where the voltage constraint should

be violated

Variables

𝑝𝑔 , 𝑞𝑔 Real/reactive power generation
𝑝𝑑 , 𝑞𝑑 Real/reactive power demand
𝑝𝑓𝑙 Real power of a specific flexibility provider
𝑣 = 𝑒 + 𝒊𝑓 Voltage in rectangular coordinates
𝑣 =

√

𝑒2 + 𝑓 2 Voltage magnitude
𝑝𝑖𝑗 , 𝑞𝑖𝑗 Real/reactive power flow

Parameters

𝑌 = 𝑔 + 𝒊𝑏 Line admittance
𝑎𝑃 ∈ {−1, 1} Parameter used to define a search direction
𝑐 Cost for flexibility service
𝑽 𝒍,𝑽 𝒖 Relaxed voltage bounds
𝒗𝒍, 𝒗𝒖 Operational voltage bounds
𝒑𝒈𝒍(𝒖), 𝒒𝒈𝒍(𝒖) Distributed generator real/reactive power

generation bounds
𝒑𝒅𝒍(𝒖), 𝒒𝒅𝒍(𝒖) Load real/reactive power demand bounds
𝒑𝒍(𝒖)𝒇𝒍 , 𝒒

𝒍(𝒖)
𝒇𝒍 Flexibility provider’s real/reactive power

bounds

Other

𝒙 a constant value
𝒙𝑢 an upper bound
𝒙𝑙 a lower bound

f flexibility that could potentially be provided, while convex restric-
ion method could be overly conservative when determining range of
ermissible flexibility. The feasibility issue is addressed in [13], but it
lso assumes exact knowledge of nodal power injections.

When accounting for the variability of nodal power injections, most
xisting approaches are based on some form of multi-level or robust
ptimization framework [14,15] that are computationally expensive,
nless certain techniques are used in order to circumvent the issue
f non-convexity of the AC power flow equations. Methods based
n stochastic programming, like the ones in [16], provide the DSO
ith information on probability of constraint violation, resulting in

ess conservative results. However, these methods rely on probability
arameters and assumptions that are usually not readily available to
he DSOs. Interpreting probabilistic results can also be an issue for DSOs
ccustomed to worst case scenario operational paradigm.

Lastly, the issue of fairness in flexibility provision remains, to the
est of authors’ knowledge, rather unexplored. As we discuss in the
ollowing section, the inherit coupling between different flexibility
roviders (FP) could result in conditions unfavorable both from dis-
dvantaged FPs’ and DSO’s perspective. While this issue is recognized
2

by the authors in [17], the analysis is limited to a problem that stems
from rather simplistic regulatory rules regarding flexibility provision.

The main contributions of this paper are as follows:

• An optimization based method for determining the amount of ad-
missible nodal flexibility with regards to DN voltage constraints.
The method minimizes the influence of one FP over others’ capa-
bility of providing the same services and ensures feasibility of the
entire range of determined flexibility,

• Demonstration of the method’s ability to analyze flexibility pro-
vision under different network operational conditions,

• A principled approach to a problem of aggregating the flexibility
to be offered to the TSO by multiple flexibility providers on a DN

The remainder of the paper is organized as follows. Section 2
provides a simple example in order to clarify the issues we are trying
to solve. Section 3 provides a description of the method and discusses
some important underlying assumptions. Section 4 demonstrates the
effectiveness of the proposed solution on several DN case studies.
Section 5 discusses flexibility provision by multiple FPs, while Section 6
concludes.

2. An illustrative example

Throughout the paper we focus on real power flexibility provision
to simplify the problem and the notation. However, the framework
can easily be extended to reactive power provision by the FP. Let
us consider a simplified model of a distribution network, a modified
version of a well known IEEE 33 bus test case from [18], which is
shown in Fig. 1.

We assume FPs are connected to medium voltage nodes 12 and 18.
For generality, we assume FP is able to alter its real power injection in
both directions.

Fig. 1. Modified IEEE 33 bus distribution network test case.

The only real time measurements available are voltage and current
at the substation (node 2). We determine the ranges of real and reactive
power injections at every node, based on billing data, typical customer
load profiles and DG historical data.

Given that the DN is of limited observability, we want to know the
permissible range of real power (in any direction) of a each individual FP
such that network voltage constraints will not be violated, regardless
of the realization of nodal power injections. Furthermore, feasibility
of the entire range of determined flexibility should be ensured. This
means that any value of flexibility provision (within the determined
range) will not result in violation of voltage constraints. In our example
in Fig. 2(a) this would mean that the FP at node 18 should be able
to provide any amount of flexibility between 0 and 1 MW without
violating any DN voltage constraints. Since both FP at node 12 and
18 want to provide the flexibility service, the amount of flexibility
determined for FP 18 should not be influenced by flexibility provision
of FP 12. In other words, the amount of flexibility that can be provided
should only be limited by voltage constraint violation caused primarily
by a specific FP real power flexibility provision. Specifically, when we
calculate the range of permissible flexibility of a FP connected to the
node 12, we do not consider simultaneously the flexibility provision of
a FP at node 18 and vice versa.
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Fig. 2. The relationship between distribution network feasibility area and a FP
apability chart.

Next, let us consider only the case where the TSO wants to use the
lexibility of FPs connected to the DN. The TSO can account for this
lexibility by incorporating the entire DN into its calculations. However
his could easily become intractable even if rough approximations are
eing used. Instead, it would be more efficient if the DSO provides
nly a bid structure (as, for example, shown by Fig. 8) of the available
lexibility to the TSO. In this manner, the incorporation of the DN into
N is avoided. The problem here is the inherent impact that one FP
ould have on the ability of the other to provide the wanted amount of
lexibility. The issue is best represented by Figs. 2(a) and 2(b).

There are two possible outcomes when calculating the maximum
mount of flexibility each FP can provide. The first is the case where
he capability area of a FP is contained within the feasibility area
f a distribution network. In other words, there is enough headroom
n the network so that every FP can provide the desired amount of
lexibility without effecting other potential FPs. The maximum amount
f flexibility that can be provided is the sum of individual FP power.
he issue however, arises in the case represented by Fig. 2(b), where
he vertex of a rectangle representing the sum of individual amounts
f flexibility is located outside the feasibility area of the network. In
his case, the bid structure must be formed, and communicated to the
SO, whereby no DN voltage constraints will be violated regardless of
he amount or the source of flexibility activated. The obvious answer
s to establish a price based merit order where the FP with the lowest
rice is first allowed to provide its desired amount of flexibility, and so
n until there is no more DN headroom. However, this approach could
otentially lead to low market liquidity in a case where FPs with lower
id price can only bid a smaller amount of flexibility. Hence we extend
ur method to show how it can be used to assess the impact of different
3

erit orders on market liquidity. f
3. Flexibility provision of a single FP

3.1. Optimization problem formulation

In this section we provide a mathematical formulation of a op-
timization problem that constitutes a basis for the algorithm that is
proposed for finding the range of permissible flexibility provision. Note
here that presented optimization problem relies on assumptions that are
discussed in detail in Section 3.3.

The formulation is based on a well known, non-linear optimal power
flow (OPF) problem given in rectangular coordinates and real numbers
by Eqs. (1)–(16).

𝑚𝑖𝑛 𝑝𝑓𝑙 (1)
∑

(𝑖,𝑗)∈𝐸∪𝐸𝑅

𝑝𝑖𝑗 = 𝑝𝑔𝑖 − 𝑝𝑑𝑖 ∀ 𝑖 ∈ 𝑁 (2)

∑

(𝑖,𝑗)∈𝐸∪𝐸𝑅

𝑞𝑖𝑗 = 𝑞𝑔𝑖 − 𝑞𝑑𝑖 ∀ 𝑖 ∈ 𝑁 (3)

𝑝𝑖𝑗 = 𝒈𝑖𝑗𝑣2𝑖 − 𝒈𝑖𝑗 (𝑒𝑖𝑒𝑗 + 𝑓𝑖𝑓𝑗 ) + 𝒃𝑖𝑗 (𝑓𝑖𝑒𝑗 − 𝑒𝑖𝑓𝑗 ) (4)

𝑞𝑖𝑗 = −𝒃𝑖𝑗𝑣2𝑖 + 𝒃𝑖𝑗 (𝑒𝑖𝑒𝑗 + 𝑓𝑖𝑓𝑗 ) − 𝒈𝑖𝑗 (𝑓𝑖𝑒𝑗 − 𝑒𝑖𝑓𝑗 ) (5)

𝑝𝑗𝑖 = 𝒈𝑖𝑗𝑣2𝑗 − 𝒈𝑖𝑗 (𝑒𝑖𝑒𝑗 + 𝑓𝑖𝑓𝑗 ) − 𝒃𝑖𝑗 (𝑓𝑗𝑒𝑖 − 𝑒𝑗𝑓𝑖) (6)

𝑞𝑗𝑖 = −𝒃𝑖𝑗𝑣2𝑗 + 𝒃𝑖𝑗 (𝑒𝑖𝑒𝑗 + 𝑓𝑖𝑓𝑗 ) − 𝒈𝑖𝑗 (𝑓𝑗𝑒𝑖 − 𝑒𝑗𝑓𝑖) (7)

(𝑽 𝒍
𝑖)
2 ≤ 𝑒2𝑖 + 𝑓 2

𝑖 ≤ (𝑽 𝒖
𝑖 )

2 ∀ 𝑖 ∈ 𝑁 ⧵𝑁𝑠𝑙 (8)

(𝒗𝒍𝑠𝑙)
2 ≤ 𝑒2𝑠𝑙 + 𝑓 2

𝑠𝑙 ≤ (𝒗𝒖𝑠𝑙)
2 (9)

(𝒗𝒖)2 ≤ 𝑒2𝛥 + 𝑓 2
𝛥 ≤ (𝑽 𝒖)2 ∨ (10)

(𝑽 𝒍)2 ≤ 𝑒2𝛥 + 𝑓 2
𝛥 ≤ (𝒗𝒍)2

𝒑𝒈𝒍𝑖 ≤ 𝑝𝑔𝑖 ≤ 𝒑𝒈𝒖𝑖 ∀ 𝑖 ∈ 𝑁𝑔 (11)

𝒒𝒈𝒍𝑖 ≤ 𝑞𝑔𝑖 ≤ 𝒒𝒈𝒖𝑖 ∀ 𝑖 ∈ 𝑁𝑔 (12)

𝒑𝒅𝒍𝑖 ≤ 𝑝𝑑𝑖 ≤ 𝒑𝒅𝒖𝑖 ∀ 𝑖 ∈ 𝑁𝑑 (13)

𝒒𝒅𝒍𝑖 ≤ 𝑞𝑑𝑖 ≤ 𝒒𝒅𝒖𝑖 ∀ 𝑖 ∈ 𝑁𝑑 (14)

𝒑𝒍𝑓𝑙 ≤ 𝑝𝑓𝑙 ≤ 𝒑𝒖𝑓𝑙 (15)

𝒒𝒍𝑓𝑙 ≤ 𝑞𝑓𝑙 ≤ 𝒒𝒖𝑓𝑙 (16)

Eqs. (2)–(3) capture the active and reactive power balance.
qs. (11)–(12) and (13)–(14) model the inherent variability of un-
ontrollable DGs and loads, respectively, as ranges of nodal power
njections. Note that DGs are not flexibility providers, meaning their
espective upper and lower bounds are derived based on historical
ata around some expected value, in the same manner the bounds are
ormed for loads. Although simplified, the formulation can easily be
xtended to a accompany a more detailed DG models and operation
odes (i.e. Volt-Var or power factor regulation). Eqs. (4)–(7) represent

ctive and reactive power flows. FP real and reactive power constraints
re given by (15)–(16). In general, these should reflect FP technical
apabilities for flexibility provision, however, in certain cases, these
onstraints should be relaxed for the reasons discussed in Section 3.3.
q. (8) constrains voltages between its relaxed limits 𝑽 𝒖 and 𝑽 𝒍.
ollowing the reasoning outlined in [10], in order to avoid restricting
he feasible space of the problem, we let 𝑽 𝒖 and 𝑽 𝒍 be relaxed upper
nd lower voltage variable bounds, well outside of typical operational
anges for distribution networks. 𝒗𝒖 and 𝒗𝒍 are upper and lower voltage
perating limits corresponding to the secure operating ranges which
eflect power quality and safety requirements. Eq. (9) models voltage
luctuations at the substation as a continuous range rather than a fixed
alue. This range can be derived from voltage measurements that are
sually readily available. Note here that, in the objective function,
e assume FPs initial operating point to be zero, only for notational

onvenience.
The optimization procedure will set the most inconvenient values
or substation voltage and power injection variables, reflecting a worst
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case scenario with regards to flexibility provision. This is ensured by
design, with a combination of a objective function and a constraint in
(10).

There are two constraints of consideration in (10); the first one,
(𝒗𝒖)2 ≤ 𝑒2𝛥 + 𝑓 2

𝛥 ≤ (𝑽 𝒖)2 forces the upper, while the second one,
(𝑽 𝒍)2 ≤ 𝑒2𝛥+𝑓

2
𝛥 ≤ (𝒗𝒍)2 forces the lower operational voltage constraint of

the node to be violated. The Eq. (10), in combination with an objective
function in (1), forces the variables describing load and DG variability
to purposefully violate voltage constraint at a specific node, denoted
with 𝛥. As there could exist more than one node with voltage constraint
violation, the optimization method should be repeated, whereby a
different node is selected as 𝛥. Therefore, an iterative algorithm is
developed and described in the following subsection.

3.2. Algorithm description

The iterative algorithm flow chart is shown in Fig. 3. For simplicity,
we only show a step where upper voltage bound is violated. To impose
lower voltage bound violation we substitute (𝒗𝒖)2 ≤ 𝑒2𝛥 + 𝑓 2

𝛥 ≤ (𝑽 𝒖)2

with (𝑽 𝒍)2 ≤ 𝑒2𝛥 + 𝑓 2
𝛥 ≤ (𝒗𝒍)2 and repeat the procedure.

The key steps of the algorithm are as follows:
Step 1: input network model parameters, specific network operating

point and the bounds on demand, generation and FP variability. Set
voltage constraint violation tolerance and FP node as a node on which
the constraint from (10) will be forced upon.

Step 2: Solve the optimization problem from Section 3.1 with
(𝒗𝒖)2 ≤ 𝑒2𝛥 + 𝑓 2

𝛥 ≤ (𝑽 𝒖)2 as (10)
Step 3: If the objective equals zero readjust the ranges of power

injections and return to Step 1.
Step 4: If the problem is infeasible, then no voltage violations can

occur — FP can provide flexibility within its entire range of technical
capability.

Step 5: Check if there are upper voltage bounds violations on any
other node in the network. If there are, set 𝛥 to an index of a node with
the largest bound violation and return to Step 2. If there are no voltage
bound violations, output the result.

Fig. 3. Structure of the algorithm for permissible flexibility provision of a single FP.
4

3.3. Underlying assumptions and algorithmic performance

The algorithm relies on the assumption that there are no voltage
violations in the network under normal operating conditions. This is
not an unreasonable assumption, given that DSOs have to make sure no
under or over voltage issues occur in every day network operation. The
assumption implies that power and voltage ranges, provided as inputs,
need to be set so they themselves cannot be the cause of any voltage
violations and that violations are therefore caused only by the change
in power injection of a specific FP. Given the lack of measurements,
setting the ranges to satisfy this assumption could be difficult. However,
the issue of non-compliance to this assumption is easily detectable. If
the value of the objective function is zero, voltage bound is violated,
even without any change in FP’s power injection, which is contrary to
our initial assumption and input parameters should be reevaluated.

Secondly, the optimization problem in (1)–(16) could be infeasible.
While, in general, this could be due to numerical issues, during our
testing the issue always arose when the capability of a FP (meaning the
range of available flexibility) was not sufficiently large enough to cause
voltage violation. This issue is easily avoided by artificially increasing
the range of flexibility of a specific FP in order to obtain a valid result.
If the value of allowed flexibility surpasses the technical capabilities of
a FP, the FP is constrained only by its technical capabilities in flexibility
provision.

In order to avoid representing a problem as a mixed integer non-
linear program, two versions of the algorithm are solved to find a
lower and upper bound of flexibility. In most realistic cases, as our
testing showed, the initial FP operating point is contained within these
bounds (meaning we know the permissible range of flexibility in both
directions). However, in general, there could exist a case where this
is not true, meaning that it is possible to violate both lower and upper
voltage constraints by changing the power of a FP in only one direction.
In that case, one would only need to modify the objective function as
in (17) in order to find the solution in a specific direction.

Finally, the method proposed could be considered robust (in a sense
that for any realization of variable load and generation, voltage limits
will not be violated) if the solution to the underlying optimization
problem is a global one. Global, non-linear, off the shelf solvers can be
used to provide a global solution to the optimization problem, however,
their use could be prohibitive, mainly because of computational time
required. Local solvers are faster and more reliable, but the robustness
of the results cannot be guaranteed. Despite this, in a large number
of real world networks, the local solution to an optimal power flow
problem tends to also be the global one [19]. This was also the case in
our extensive testing on several real world distribution networks. Since
our optimization problem is structurally different from optimal power
flow problem, further work is needed in order to study conditions
where the local and global solution differ substantially and if certain
recently developed methods as in [20–22] could alleviate the issue by
providing the means of escaping from local solutions.

4. Numerical studies

In this section we first describe the methodology and test cases
used to demonstrate the efficacy of the proposed method. We also
extend our analysis in order to demonstrate the applicability of the
proposed method in studying the impact of different ranges of power
injection variability, as well as network reconfiguration on the range
of permissible flexibility of a specific FP. Optimization problems are
coded in MATLAB with YALMIP toolbox [23] and solved using the
non-linear programming solver Ipopt [24]. Power flow simulations in
Matpower [25] are used to verify the results.
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Table 1
IEEE 33 modified test case description.

# Nodes # Lines Subs. voltage range DG nodes

33 32 0.98–1.02 p.u. 22,25,33

Load nodes FP node Base voltage

2–33 12 12.66 kV

4.1. Illustrative example using IEEE 33 bus test case

We consider a modified IEEE 33 bus test case with line parameters
and nominal load as specified in [18] and shown by Fig. 1. We modify
the test case by adding three DGs and one FP to nodes as specified by
Table 1. DG nominal real power output is set to 1 MW. The range of
voltage at the substation (node 2) is set to be between 0.98 and 1.02
p.u. We set the operating voltage limits, 𝒗𝑙 and 𝒗𝑢 to 0.9 and 1.1 p.u.
respectively, and relaxed voltage limits, 𝑽 𝑙 and 𝑽 𝑢 to 0.7 and 1.3 p.u.,
respectively. The load and DG power injection ranges, representing the
fluctuations around a nominal operating point, are parameterized in
percentage of nominal values and are, for simplicity, the same for both
loads and DG. We set the algorithm termination tolerance 𝜖 (meaning
a limit of voltage constraint violation) to 10−5.

4.1.1. Determining maximum flexibility for a FP connected to node 12
We assume ±5% variation of base load real and reactive power and

DG real power output. We also assume that FP can provide real power
flexibility in both directions. Overall, the algorithm took 5 iterations, or
approximately 5 s on a modest portable PC. Ipopt reports computational
time in order of tenth of a second per iteration.

Fig. 4. Voltage profile of a DN test system with ± 5% variation in load and DG
real and reactive power. Circles represent maximum (blue) and minimum (orange)
voltage magnitude in each node in DN. Real power injections at each node match the
nodal voltage profile above. Voltage profile depicted with orange circles is a result of
nodal power injections represented by orange columns. The same applies to blue color
columns.

Fig. 4 shows the maximum allowable real power injection for a FP
at node 12 (bottom plot) whereby the voltage magnitude constraints
are violated only within a set tolerance (𝜖). As shown in upper plot, this
violation occurs at node 18 for upper operational voltage constraint, by
which the net real power injection at node 12 is 2.19 MW, and at node
12 for a lower voltage constraint, by which the net real power demand
at node 12 is 1.41 MW. The bottom plot also shows that the algorithm
decreases the real power consumption of the loads and increases DG
real power injection when trying to violate upper voltage constraint,
and vice versa when trying to violate lower voltage constraints.
5

Fig. 5. Output of 10,000 Matpower load flow tests showing voltage magnitude for
each of 33 buses in the test network. Orange color represents voltage magnitudes in
case where variability is not considered, while blue color represents magnitudes where
the power injection variability is considered.

To showcase the advantages of the proposed approach, we compare
two test cases — one where no power injection or substation voltage
variability is considered and the one where these variations are taken
into consideration by using the proposed method. In the former case,
bounds on flexibility are calculated by solving a typical OPF where the
objective is to maximize (minimize) the amount of available flexibility
for a specific FP, while load and DG power injections are set to their
nominal values and substation voltage is set to 1 p.u. .1

In this case the range of permissible flexibility at FP 12 is between
−2.29 MW to 3.23 MW. In the latter case, we assume ±20% variation
of base load real and reactive power and ±10% variation in DG real
power output. The range of voltage at the substation (node 2) is set to
be between 0.94 and 1.06 p.u. In this case we determined permissible
range of flexibility at FP 12 to be between −0.6 MW to 0.94 MW.

We proceed by computing 10,000 power flows in Matpower for both
cases separately. We generate random load and DG nodal power injec-
tions as well as substation voltage within the aforementioned ranges,
while real power of a FP at node 12 is generated randomly within
ranges determined with each of the two cases’ respective method. The
results of these simulations are shown in Fig. 5. As shown, ignoring
the inherent variability significantly increases the probability of nodal
voltage constraint violations.

4.1.2. Impact of nodal power injection variability
In this subsection we demonstrate the applicability of the proposed

framework to studying the effect of load and DG variability to the
permissible flexibility provision. We increase the load and DG power
injection variability to ±25%. All other parameters are the same as in
Section 4.1.1. Fig. 6 shows the results in the same manner as Fig. 4.

The maximum permissible flexibility of a FP connected to node 12
is now reduced significantly: from 2.19 MW to 1.23 MW of power
production, and from 1.41 MW to 0.74 MW of power consumption. For
a 20% increase in variability, there is approximately 50% reduction
in permissible flexibility. Remember that the ranges of power injec-
tions represent the fluctuations around some nominal operating point.
These ranges are only estimated based on available data sources. By
increasing the number of available measurements, these ranges could
be further reduced. As the exercise demonstrates, this reduction would
lead to a significant increase in permissible flexibility provision.

1 While other, more sophisticated approaches exist, we use a rather naive
one, primarily in order to emphasize the effect that neglecting variability has
on voltage constraint violation
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Fig. 6. Voltage profile of a DN test system with ± 25% variation in load and DG
real and reactive power. Circles represent maximum (blue) and minimum (orange)
voltage magnitude in each node in DN. Real power injections at each node match the
nodal voltage profile above. Voltage profile depicted with orange circles is a result
of nodal power injections represented by orange columns. The same applies to blue
color columns. Compared to a base case from Fig. 4 there is a substantial reduction in
amount of permissible flexibility at node 12.

4.1.3. Impact of network reconfiguration
In order to illustrate the effect of network reconfiguration to the

range of permissible flexibility provision, we connect the nodes 18 and
33, thereby changing the topology of the DN from radial to weakly
meshed one. We again run the algorithm and compare the results to
the base case (as shown in Fig. 4), by again setting all the parameters
to values from Section 4.1.1. The results are shown by Fig. 7.

We observe that changing the topology resulted in substantial in-
crease of range of permissible flexibility, at least in real power pro-
duction direction — from 2.19 MW to 3.64 MW. While the change
is substantial in this example, in general it is highly dependent on
the specific connections and line parameters. However, this exercise
shows that the proposed method could be used to assess the effect of
certain control options that are at the DSO’s disposal, on the range of
permissible flexibility.

Finally, note here that, the flexibility provision could also be viewed
as a node hosting capacity, meaning that the proposed method could
also be used to determine the maximum amount of generation or
demand that could be connected to a specific node in DN.

4.2. Numerical studies using the real world distribution network test cases

Finally, we show the effectiveness of our algorithm using the real
world distribution network test cases from Croatia [26], UK [27] and
Portugal [28]. Unlike the simplistic IEEE 33 test case, the networks used
here are more complex with regards to modeling (containing lines with
shunt impedance, transformers with tap changers and capacitor banks),
size, and topology. Some of the properties of these networks are shown
in Table 2.

Table 2
Real world distribution network test cases.

Test # # Lines/ Slack volt. DG Base
case Nodes Transf. range p.u. nodes voltage

Croatia 22 34 0.94–1.06 14 110/35 kV
Portugal 229 229 0.93–1.07 18,114,221 15/30/60 kV
Rural UK 66 66 0.98–1.02 19,23,40 6.6 kV

We set the variability of load and DG nodal power injections to
±10% and ±20% respectively. Voltage range at substation node is shown
6

Fig. 7. Voltage profile of a DN test system with ± 5% variation in load and DG
real and reactive power. Circles represent maximum (blue) and minimum (orange)
voltage magnitude in each node in DN. Real power injections at each node match the
nodal voltage profile above. Voltage profile depicted with orange circles is a result of
nodal power injections represented by orange columns. The same applies to blue color
columns. Compared to a base case from Fig. 4 there is a substantial increase in amount
of flexibility at node 12 simply as a result of altering the topology of the network.

Fig. 8. A simplified example of FP’s bid price structure.

in Table 2. The range of operating voltage limits is 0.94–1.06 p.u. for
Rural UK test case and 0.9–1.1 p.u. for the rest. Unlike in the previous
test case, where we computed flexibility range for one FP at a specific
node, here the real power flexibility range is determined for every
node in the network. Again, we compute 10,000 load flow simulations
to assess the quality of our solution.

Table 3
Results of the real world DN test cases.

Test Max numb. of Max numb. of Max algorithm
case voltage violations iterations comp. time [s]

Croatia 0 7 15.25
Portugal 0 7 450.3
Rural UK 0 11 80.4

The results of our simulations are presented in Table 3. Since
simulations are conducted for every node in the network, we show
only the maximum value of specific metrics that best represent the
quality of the solution. The computational time metric encompasses
both solver time and preprocessing. On all test cases, solver time is
usually an order of magnitude lower then time spent on preprocessing,
ranging from under 1 s for Croatia and UK network, to under 10 s per
iteration in case of much larger, Portuguese test case. The effectiveness
of our approach is demonstrated by the fact that there were no voltage
constraint violations for any of 317 nodes tested in total.
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Fig. 9. Bid structures for FPs in nodes 12 and 18. Figures progressively show how different flexibility provision assessment schemes result in an increase in overall market liquidity.
5. Extending the framework to overall DN flexibility assessment

So far, we have been focused on determining the flexibility pro-
vision of a single FP. In what follows, we discuss the problem of
aggregating this flexibility from multiple providers.

Let us again consider an example from Fig. 2(b). By applying the
proposed algorithm, we determine the permissible flexibility provision
from FP 18 and FP 12 to be 1.5 MW and 2 MW respectively. Now let
us consider bids for flexibility provision for these two FPs as presented
by Fig. 8, where both FPs bid their respective maximum amount of
permissible flexibility. Note that we assume FP’s flexibility capability
area is a superset of what is constrained by network voltage viola-
tion. This bid price structure cannot be communicated to the market
operator since the overall flexibility of 3.5 MW cannot be achieved
without network voltage constraint violation, as shown by Fig. 2(b).
An obvious solution would be to allow FP 18 bid its maximum amount
of flexibility, reason being its lower price bid, and then to calculate
FP 12 maximum while keeping FP 18 fixed to its maximum value.
However, in doing so, we have decreased market liquidity since the
overall amount of flexibility is reduced when compared to a case where
FP 12 flexibility is at its maximum. We address the issue of trade off
between cost minimization and market liquidity by developing three
different flexibility assessment schemes in the following subsections.

Note that the prices of flexibility used here are arbitrary and not
given in specific units. Given that the focus here is to study the mutual
impact of FPs, we are only interested in flexibility cost in relative terms.

5.1. Bid priority based flexibility provision

Given the known quantities of a bid, a merit order is established
where the maximum amount of offered flexibility of a FP with the
lowest bid is fixed and the proposed algorithm is used in order to
find a maximum amount for the second FP. Once found, the procedure
continues until the DN feasibility area boundary is reached. The main
disadvantage of this approach is the case where the FP with the lowest
bid is also the one closest to the feasibility boundary of a DN. In other
words, the voltage violations in the network will occur for a small
amount of flexibility provided by the FP with the lowest bid. This
reduces the amount of flexibility other FPs could potentially provide,
hence reducing the overall amount of flexibility that could be provided.
The resulting bid structure is shown by Fig. 9(a). FP at node 18 is
allowed to provide its maximum flexibility, while FP at node 12 is
curtailed because of the lack of voltage headroom. In this case the
overall flexibility amount is the smallest of three cases presented.

5.2. Cost weighted flexibility provision

In this case we want to reduce the impact of specific FP on overall
liquidity by finding the appropriate middle ground between overall
7

cost and the available flexibility. This is accomplished by modifying
the problem in the following manner. The objective function in (1) is
replaced by the following expression:

𝑚𝑖𝑛 𝒂𝑷
∑

𝑓𝑙
𝑝𝑓𝑙 (17)

with 𝑎𝑝 ensuring all FPs provide power in the same direction. Addi-
tional constraints that couple flexibility amount of different FPs are
introduced:

𝒄𝒊𝑝𝑖 = 𝒄𝒊+𝟏𝑝𝑖+1 ∀ 𝑖 ∈ 𝑁𝑓𝑙 (18)

These constraints are added in order to weigh the amount of flexibility
provision from each FP based on its cost (𝑐) offered for the service. The
resulting bid structure is shown by Fig. 9(b). Flexibility provision of FP
18 is curtailed, but the overall flexibility amount is increased.

5.3. Voltage headroom weighted flexibility provision

In this case we want to again increase the overall liquidity based
on voltage headroom available to the FP. In other words, we favor the
flexibility provision of an FP that can provide more flexibility before it
violates voltage constraints of the network. This is accomplished again
by defining the objective function as in (17), while instead of (18) the
additional constraints become:

𝒑𝒖𝒊 𝑝𝑖 = 𝒑𝒖𝒊+𝟏𝑝𝑖+1 ∀ 𝑖 ∈ 𝑁𝑓𝑙 (19)

This means that flexibility provision of each FP is weighted according
to its maximum flexibility capability as determined by the method in
the first step. The resulting bid structure is shown by Fig. 9(c). Flex-
ibility provision of FP 18 is again curtailed but the overall flexibility
availability is the highest among the three proposed schemes.

6. Conclusion

We have proposed a deterministic, optimization based method that
is able to resolve some of the less obvious issues with flexibility
provision at the DN level. The DSO can use the method to pre-detect
the range of permissible flexibility while accounting for inherent power
injection and voltage variability. The specific combination of objective
function and constraints of the underlying optimization method ensures
the feasibility for the entire range of permissible flexibility as well
as no voltage constraint violations can occur for any combination of
power injections (within the specified range). The initial assumptions
that the method relies upon are discussed. We first demonstrated the
effectiveness of the method on a simple DN where we have shown
different effects of variability and grid topology on the range of permis-
sible flexibility. The analysis shows that reducing the estimated range
of power injections as well as making changes in topology leads to
substantial increase in permissible range of flexibility. This has further
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practical implications for the DSO as the problem at hand could also
be used for assessing grid hosting capacity. We have extended our
testing to three real world DNs to further demonstrate the efficacy of
the proposed method. In all test cases, no voltage constraint violations
occurred for any of 317 nodes tested.

We next discussed the issue of having multiple FPs on the same
DN and the effect they have on each other when competing for pro-
viding the flexibility service. We showed that the proposed framework
could easily be extended, by simply incorporating specific additional
constraints, to provide a more favorable outcome in terms of increase
in overall amount of flexibility.
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